It should be emphasized that the finding that profits net of transactions costs are small if the portfolio is re-balanced frequently does not rescue the view that the smile is wholly due to the B-S model's assumption of log-normal returns with constant volatility. If the true smile is flat, a trading strategy based on the incorrect smile should not be profitable even on a pre-transactioncost basis.
The paper is organized as follows. In the next section, we describe our data and document the volatility smile or sneer. In section II, we explain how we construct delta and gamma neutral trading portfolios to test whether the true smile is flat. Results are presented in III. In IV, we explore why trading based on the smile fails to fully flatten it and present our conjecture on the cause of the smile. Section V concludes the paper.
I. Implied Volatility Patterns in the Equity Index Market

A. Data
Our data set consists of daily closing prices of options on S&P 500 futures traded on the Chicago Mercantile Exchange from January 1, 1988 through April 30, 1998 and closing prices of the S&P 500 futures themselves. We chose the S&P 500 Index because its smile is the most studied in the literature. We chose to study options on the futures rather than the cash index for several reasons. While options on the cash index and options on the nearby futures are virtually indistinguishable, the latter have several advantages: (1) the implied volatility calculations are not dependent on unknown future dividends, (2) since the options and futures markets close at the same time, non-synchronous prices are not a serious problem, and (3) arbitrage between options and the futures contract is easier than between options and all 500 stocks. Since it is welldocumented that a shift in the smile occurred following the 1987 crash, our data set begins after that date. 4 
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In order to examine separately both short and long-term options, each day we observe the prices of two types of options: (1) options maturing in 2 to 6 weeks, and (2) options maturing in 13 to 26 weeks. The CME trades options maturing in March, June, September, and December (the calendar options) and in each of the next three months. For the short-term (two to six week) options, we switch from the nearby option to the next contract on the ninth trading day before expiration. We restrict our data to options with at least two weeks to maturity since (1) the time value of very short-lived options relative to their bid-ask spreads is small and (2) the set of traded strike prices shrinks as expiration approaches. For the longer-term options data set, we collect prices for the second calendar option. For example, we observe prices of the June options in January, February, and through the first of March. When the March option matures, we switch to the September option, and when the June option matures, we switch to the December option.
Each day we observe both calls and puts at a variety of strike prices for options with the same expiration date. In the S&P 500 futures options market, these strikes are in increments of 5 points, e.g., 825, 830, 835 etc. Since trading is light in some far-from-the-money contracts, we restrict our sample to the first eight out-of-the-money and first eight in-the-money contracts relative to the underlying S&P 500 futures price. When, for instance, the S&P 500 futures index is 1001, we collect prices for options with strike prices from 965 to 1040. In summary, each day we observe and calculate implied volatilities for up to sixteen calls and up to sixteen puts for each of our two data sets. However, since all 32 options do not trade each day, we do not always have 32 observations. In Figure 1 we report average daily trading volumes at each relative strike price.
Note that trading is higher in out-of-the-money than in in-the-money-options and for the shorter term options is generally higher the closer the strike is to the underlying index future price.
Using Black's (1976) model for options on futures, 5 day t closing prices for both the option and S&P 500 futures, and 3-month T-bill rates, we solve for the implied standard deviation, ISD j,t , on each of the (32 or less) options j observed on day t. For easier interpretation, 6 these are annualized by multiplying by the square root of 252, the approximate number of trading days each year.
B. The Smile
The smile in our data sets is reported in Table 1 and in Figure 2 . For each option j on every day t, we calculate both the implied standard deviation, ISD j,t , and the relative percentage "moneyness" of option j's strike price measured as (K j,t /F t )-1 where K j,t is option j's strike price and F t is the underlying futures price on day t. Time series means of both ISD and (K/F)-1 are reported in Table 1 and the former is graphed against the latter in Figure 2 . The following nomenclature is used in Table 1 to identify calls and puts and strike price groups j. The first letter, "C" or "P," indicates call or put, the second, "I" or "O", indicates whether the option is in or out of the money, and the last digit, "1" through "8", reports the strike price position relative to the underlying futures price where "1" is the closest to the money and "8" is the furthest in-or out-of-the-money. For example, CI3 indicates an in-the-money call option whose strike price is the third strike below the futures price.
As shown in Figure 2A , for the shorter-term options, there is a strong "smile," or "smirk" pattern in this market with the implied standard deviation consistently falling as the strike price increases until moderately high strike prices are reached at which point the ISDs start to rise. The cross-sectional differences in implied volatilities are striking and sizable in that implied volatilities at the peak of the smile are over 50% higher than those at the trough. Clearly, the null hypothesis that the ISDs do not differ cross-sectionally is rejected. As shown in Figure2B, the smile in the longer term options is not as pronounced and never turns up.
In Table 1 and Figure 2 , we also include a measure of actual or "realized" volatility. For each day t, RLZ t , is calculated as the standard deviation of returns over the period from day t through the option's expiration date:
where R s = ln(F s / F s-1 ) and F s is the final futures price on day s. Since all options j observed on day t expire on the same day, RLZ only has a t subscript.
The mean of RLZ t , is shown in both Table 1 and Figure 2 . As shown there, in both data sets both put and call ISDs at all sixteen strike prices tend to overestimate actual realized volatility over the life of the options and this over-estimation is substantial for many options. For all 32
options at both maturities, the null that ISD j,t is an unbiased predictor of RLZ t is rejected at the .01 level. 6 As further evidence, in columns 6 and 13 of Table 1 , we report the frequency with which the implied standard deviation overestimates actual volatility over the life of the option. As shown there, for both puts and calls, the ISDs calculated from the five lowest strike prices overestimated RLZ t more than 85% of the time in both data sets. Even at-the-money ISDs overestimated RLZ t more than 75% of the time. Clearly, the tendency for implied volatilities to over-estimate actual subsequent volatility is strong. These findings tend to support the position of Canina and Figlewski (1993) , in their argument with Christensen and Prabhala (1998) , that implied volatility does not predict actual volatility very well in this market. One caveat is in order however. Since our data set begins in 1988, it is possible that the ISDs tended to exceed realized volatility partially because the former reflected the possibility of another 1987 style market crash which did not in fact reoccur . If the data set is extended backward through the 1987 crash, then the mean ISDs at the bottom of the smile are insignificantly different from the mean RLZ.
As previously noted, we do not observe option prices at all sixteen strike prices every day.
If far-from-the-money option prices tend to be observed more when expected volatility is high or low, then the smile in Figure 2 could be a biased representative of the true cross-sectional smile.
Accordingly, we recalculate the smile as follows. First, on each day t, we calculate the average 8 ISD of the four nearest-the-money options: CI1 t , CO1 t , PO1 t , and PI1 t which we label A t . For each of options observed on day t, we then calculate the ratio R j,t = ISD j,t /A t . Group j means of this ratio are reported in columns 5 and 12 of Table 1 and graphed in Figure 3 . As shown there, the smile calculated from the short term options now resembles a sneer which levels off rather than increasing at high strike prices and most of the differences between call and put ISDs disappear. 7 The smile calculated from longer term options is now a virtually linear downward sloping line.
II. Testing Whether the True Smile is Flat
A. The Testing Procedure.
Presuming that the smile is due to errors in the B-S formula, researchers have focused on developing pricing models based on alternative assumptions which could explain it, such as models based on stochastic volatility, deterministic models in which volatility rises if prices fall, or models based on alternative return distributions (e.g. jump-diffusion processes). The presumption is that, if measured correctly, there would be no smile, i.e., that the true implied volatilities are identical for all options with the same expiry. Consider a trading strategy in which one buys options which the B-S formula identifies as underpriced (that is options near the bottom of the smile) and sells options which are overpriced according to B-S (those near the top of the smile).
If indeed the true smile is flat, that is if the true cross-sectional ISD's are all equal and a smile is only observed because of inappropriate distributional assumptions in the B-S formula, then this strategy should not return abnormal profits even on a pre-transaction-cost basis since the options which B-S identifies as overvalued are not in fact overpriced and those B-S identifies as undervalued are not truly undervalued. However, if B-S is substantially correct, this strategy should be profitable.
To test whether the true smile is flat, we implement a trading strategy in which we buy puts and calls near the bottom of the B-S smile and simultaneously sell puts and calls near the top of the B-S smile in proportions such that net investment is zero and the portfolio is hedged against changes in the underlying S&P 500 index. After one, five, or ten days, we close our position. To implement this trading strategy we proceed as follows:
1. For each day t in our data set, we restrict the set of tradable options to those whose time value is at least $1.00 and whose strike price is within five percent of the underlying S&P 500 index futures price. 8 In order to maximize potential profits, we should normally sell the options with the highest ISDs, which according to Table 1 and Figures 3 and 4 would normally be CI8 and PO8. However, as illustrated in Figure 1 , trading in deep-in-the-money options, like CI8, is relatively light so it is possible that traders would have difficulty unwinding positions involving these more extreme options. Also, since S&P 500 options are quoted in increments of $.05, ISDs calculated from very low price options may not be reliable particularly at short maturities.
Hence, we place these restrictions on our choices. 9 2. From among the options meeting these restrictions on day t, we choose the call, CH, and put, PH, with the highest implied volatilities subject to the condition that the strike price, K j,t is less than the futures price, F t . Likewise, we find the call, CL, and put, PL, with the lowest ISDs subject to the condition K j,t >F t . We form a trading portfolio from these four options on day t if ISD CH,t -ISD CL,t >.03 and ISD PH,t -ISD PL,t >.03. Since the intention of the trading strategy is to exploit ISD differences, we require that a difference of at least .03 exist. These requirements are not met on 618 of 2611 trading days in the short-term sample and on 889 of 2582 trading days for the longer-term sample. Descriptive statistics on these options: their implied standard deviations, their relative strike prices, and their Greeks: delta, gamma, theta, and vega are reported in Table   2 . As shown there, for the short-term options, the difference between ISD CH,t and ISD CL,t
N CL, t P CL,t % N PL,t P PL, t ' N CH,t P CH, t % N PH, t P PH,t ' $100 (3) Equation 4 ensures that the trading portfolio is delta neutral so that the value of the portfolio is unaffected by small changes in the underlying S&P 500 index (assuming the B-S pricing formula is correct). Since option prices are convex, an option's delta changes as the underlying asset's price changes so a portfolio which was originally delta neutral may not be after the underlying index futures price changes. Equation 5 imposes the condition that the portfolio also be gamma neutral, i.e., that small changes in the underlying index leave the portfolio delta unchanged at zero. If the B-S formula is correct, equation 5 should increase the range over which the portfolio is immunized against changes in the underlying asset price. 12 If the B-S formula is incorrect, then equations 4 and 5 may not immunize the portfolio against changes in the underlying S&P 500 index -a question to which we shall return below.
Each day we form the trading portfolios by solving equations 2-5 for the four N's.
Descriptive statistics on the composition and characteristics of the resulting portfolios are provided in Table 3 B. Portfolio Characteristics.
In Table 3 , we also report the portfolios' time t "Greeks". Of course delta and gamma are zero by construction. In all of our portfolios in both samples, theta is positive meaning that ceteris paribus the value of the trading portfolio should increase as time passes. 13 This is by design and the source of the positive expected trading profits of our strategy according to B-S.
All other things equal, all options tend to lose value as time passes and the time-to-expiration becomes shorter. Consequently, a given ISD difference between two options translates into a smaller price difference as time passes. The greater an option's time value, the further it falls as expiration approaches so, as reported in Table 2 , all other things equal, the high ISD options (which we sell) have larger negative thetas than the low ISD options (which we buy). Moreover, as reported in Table 3 we generally sell more options than we buy. Consequently, the trading portfolios always have positive thetas implying that the portfolio's value increases as time passes.
As reported in Table 2 , longer term options have much smaller thetas than short-term options, i.e., the passage of one day matters much more for an option with only 20 days to maturity than it does for one with 120 days to maturity. Consequently, the theta for the longer term trading portfolios is much smaller: a mean of only 128.5 versus 506.7 for the shorter term trading portfolios.
All other things equal, the expected trading profits according to the B-S formula are equal to the portfolio's theta times the length of the holding period. As shown in Table 3 , the mean theta for the short-term trading portfolios is 506.7315 so, ceteris paribus, if the average year consists of 252 trading days, the mean predicted one-day holding period profit according to the Black-Scholes formula is 506.7315/252=$2.011 -a substantial one-day profit on a $100 nominal position with $0 net investment. 14 For the longer term options, the predicted one-day holding period profit is a much smaller 128.4951/252=$0.510. In summary, predicted profits are much higher for our short-term option portfolios than for our portfolios of longer-term options.
Since our portfolios are both delta and gamma neutral, the expected determinants of the holding period returns besides theta are the shape and height of the smile. In every trading portfolio in both samples, vega is negative implying that an equal increase (decrease) in implied volatility across all four options in the portfolio should lower (raise) the portfolio's value.
Measuring the height of the smile as the average ISD on the four at-the-money options, CI1, CO1, PI1, and PO1, we find that increases and decreases in the height of the smile approximately average out in our samples but that the average change is a small decrease implying a small profit on average. 15 We would also expect to realize trading profits (losses) if after the portfolio is formed, the smile flattens (steepens). A flattening of the smile would imply a rise in the price of the low ISD options, CL t and PL t , which we buy, and a fall in the prices of the high ISD options, CH t and PH t , which we sell, so profits should be observed. While we observe the smile both steepening and flattening in our samples, the former is more common implying small losses on average. 16 We have already observed that the smile tends to be flatter in our long-term sample 13 than in our short-term sample and this flattening pattern tends to be observed within the two samples as well.
III. Results
A. Trading Profits
In Panels A and B of Table 4 , we report mean profits and losses without transaction costs for 1, 5, and 10 (market) day holding periods for our short-term and long-term samples respectively. For the short-term sample, we also report profits if the portfolio is held to maturity.
For the 5 and 10 day holding periods, we restrict the data set to options which will have at least 10 days remaining to expiration at the end of the holding period since low trading volume in farfrom-the-money-close-to-expiration options may make closing these positions close to expiration difficult. 17 As reported in Panel A of Table 4 , average profits in the short-term sample are $0.86, $4.35, and $ 8.11, and for the 1, 5, and 10 day holding periods respectively and $10.46 if the positions are held until maturity. These are substantial profits for costless positions with a nominal value of $100; all except the profits on positions held unchanged to maturity are significant at the .0001 level. 18 Over a one-day holding period, 63.1% of the trades are profitable and 65.1% are profitable over a five day horizon. Clearly these results reject the hypothesis that the smile is totally due to erroneous distributional assumptions by the Black-Scholes model which would disappear if the correct pricing formula were used. Options which the B-S model predicts are under and over-priced appear on average to be so.
As predicted by the B-S thetas in Table 3 , the mean holding period profits for the longer term options are much smaller: $0.19, $1.08, and $2.50 for the 1, 5, and 10 day holding periods respectively but these too are significant at the .0001 level. Over a one-day holding period 57.7% of the trades are profitable and 62.5% are profitable over a five day horizon.
14 While large, positive, and highly significant, the average profits in both panels A and B of Table 4 are considerably less than the B-S model predicts. As noted above, based on the thetas in Table 3 , the B-S model predictgs an average 1-day holding period profit of $2.01 in the shortterm sample and an average 1-day profit of $0.51 in the long-term sample. Actual profit averages in Table 4 are $0.86 and $0.19 respectively suggesting that part of the smile may indeed be due to errors in the B-S model.
In Table 4 , we also report the standard deviation of profits and measures of skewness and kurtosis. Despite the fact that the portfolios are delta neutral, profits are fairly variable even for short holding periods. We examine the reasons for this in section B below. As expected, the standard deviation increases sharply as longer holding periods are considered. Profits for the 1-day holding periods display extreme kurtosis. This was expected. Since the portfolios are delta neutral, small changes in the underlying futures (which dominate in the 1-day sample) should have no impact on profits, so profits tend to be peaked around the small positive profits predicted by theta. Over the longer holding periods, as larger changes in the underlying futures become more common and impact profits more, this peakedness is reduced.
As reported in Table 4 , profits over a one-day holding period are negatively skewed while returns over longer periods are positively skewed. Recall that returns on bought options are positively skewed while returns on sold options are negatively skewed. Since we sell more options than we buy (Table 3) , we expect the portfolio returns to be negatively skewed which is the case over the shorter holding periods. The positive skewness over the longer holding periods is apparently due to the fact that the observed period was generally a bull market period with few large falls in the S&P 500 index. Consequently, while the out-of-the-money call, CL, (positive skew) finished in-the-money 25% of the time at expiration, the out-of-the-money put, PH, (negative skew) finished in the money only 4.3% of the time.
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The profits in Panels A and B of Table 4 are ex-post in the sense that it is assumed that the trader can trade at the same time t prices used to choose which options will be bought or sold and in what quantities. In reality, once the trader has observed the prices, determined the composition of his portfolio, and placed his order, the prices may have changed. Consequently, in Panels C and D we present ex-ante profits. Again the options to be traded are determined on day t and the proportions, N CL,t , N CH,t , N PL,t , and N PH,t are determined using the prices, deltas, and gammas on day t. However, the portfolio's are formed on day t+1 based on the prices at that time and unwound on day t+2 (for the 1-day holding period), day t+6 (for the 5-day holding period) or day t+11 (for the 10-day holding period). Again, we observe significant positive holding period returns for all holding periods. Indeed, the profits in Panel C actually slightly exceed those in Panel A for the one, five and ten-day holding periods and those in panel D exceed the ex-post results in panel B for the five and ten-day holding periods. Clearly, there is ample time to run the calculations, determine the composition of the trading portfolio, place one's order, and still make money. Since it makes little difference and one day is much longer than necessary to determine the portfolio's composition and execute the trades, we henceforth work with the ex-post profits in Panels A and B.
In summary, our results decidedly reject the null that the true smile is flat. If the observed B-S smile is totally a result of deficiencies in the B-S formula, then options which the B-S formula identifies as over-or under-valued are not in fact over-and under-valued. Consequently, a strategy of buying options at the bottom of the B-S smile and selling those at the top should not be profitable even before deducting transaction costs. We find that it clearly is. On the other hand, observed profits are not as high as the B-S model predicts implying that the B-S model does not hold exactly.
B. Determinants of Trading Profits.
Having shown that this trading strategy is profitable on average (particularly in the shortterm sample), we now examine the profits, their variability, and their determinants more closely.
We are primarily interested in two questions. First, do the profits behave as the B-S model predicts? Specifically, are profits large when the model predicts large profits and small when it predicts small profits? If so, then we have further evidence that the smile is not wholly due to deficiencies in the B-S formula. If not, then either the true smile is not as steep as the B-S smile and/or the B-S model doesn't hold? Second, since the portfolios are both delta and gamma neutral, why are the strategies unprofitable about one third of the time and why are the profits so variable?
According to a Taylor series expansion of the B-S option pricing formula where the price term is taken to the second order and all other determinants to the first order, the change in the price of an individual option ()P) can be expressed as:
where F is the underlying asset price, T is the time to maturity of the option, F is the volatility (ISD), and r is the interest rate. In our sample as in most, the impact of changes in the interest rate, r, is nil so this term is dropped hereafter.
Since )T and )F are identical for each of the four options in our portfolios, the resulting Taylor series approximation for one of our portfolios is: Table 3 and ) is the change in the overall height of the smile measured as the average ISD of F the four at-the-money options: CI1, CO1, PI1, and PO1. Second, since a flattening (steepening)
of the smile means a rise (fall) in the value of the low volatility options, which we buy, relative to the value of the high volatility options, which we sell, we expect a flattening to result in profits and a steepening to result in losses. We posit that this effect can be approximated as a linear function of the change in the slope, )SL, where the slope, SL, is measured as the weighted average of the ISDs of the two high ISD options (weighted by their relative weights in the portfolio) minus the weighted average of the two low ISD options. Consequently, our modified Taylor series type expression for the profits, )P i , on trading portfolio i is: 19 Suppose now that we estimate the equation:
across all our portfolios. For all our portfolios, are zero by construction Delta for all portfolios so B-S implies b=0 and c=0. For an x day holding period, )T= x/252 for all i, so the a parameter should equal (x/252) times the average theta. Given the negative vegas in Table   3 , we expect d<0. Finally, we expect e<0, that is that a steeping (flattening) of the smile should lead to losses (profits).
Results of estimations of equation 8 for 1, 5, and 10 day holding periods are reported in Table 5 with t values in parentheses. The results are mixed. The intercepts, which measure average profits if there is no change in the smile and no change in the S&P 500 futures, are positive and significant as expected. They are higher than the average profits in Table 4 but still somewhat lower than the average profits implied by the thetas in Table 3 . For instance, for the shorter-term options, the intercept in the 1-day holding period equation, which measures average profits if the underlying futures price doesn't change and if there is no change in the position or slope of the smile, is $1.39 versus average profits of $0.86 in Table 4 . This is still less than the profits predicted by the theta in Table 3 , i.e., 506.735/252=$2.01. Again, the implication is that the true smile may be flatter than the B-S smile. On the other hand, the intercepts are well behaved in that the intercepts for the 5 and 10 day holding periods are approximately 5 and 10 times the intercept for the 1-day holding period.
Interestingly, although the portfolios were constructed so that their B-S deltas and gammas were zero by construction, the hypothesis that the true deltas and gammas are zero, i.e., that b=c=0, is clearly rejected. For instance, for a 1-day holding period for shorter-term options, the result in Table 5 implies an average delta of 0.067. The implication is that either the delta and gamma neutral properties only hold for extremely small changes in F or the B-S formula expression for delta is incorrect.
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As expected, e<0 implying that a steepening of the smile over the holding period leads to losses while a flattening leads to profits. This term is highly significant in all six regressions.
Consistent with the earlier observation that the smile tends to steepen as maturity approaches, in all six data sets, )SL is slightly positive on average implying losses on average due to this variable.
On the other hand, changes in the height of the smile do not consistently have the expected impact on profits. Given the negative vegas in Table 3 , we expected a negative coefficient d. However, in two of the regressions for shorter-term options d>0.
While they provide insight into the behavior of the profits and losses on our trading portfolios, the estimations of equation 8 in Table 5 are not completely satisfactory. Specifically, the estimations in Table 5 ignore the fact that differ for each portfolio i. Theta According to the B-S formula, portfolios with high thetas should be more profitable than those with lower thetas. This is in fact the case in our data. When we split our sample of trading shorter maturity portfolios into two subsamples: (1) portfolios whose estimated theta exceeds the median theta value of 464.3 and (2) portfolios with thetas below 464.3, 1-day holding period profits average $1.28 for the first subsample versus $.44 for the second -a difference which is significant at the .0001 level. Vega also differs across portfolios but equation 8 ignores this.
Although the portfolios were designed to be delta and gamma neutral initially, the results in Table 5 indicate that either delta and gamma change over the holding period or the initial values were incorrect. Checking whether the parameters change, we find that at the end of the next trading day, the average absolute B-S delta is .378 and the average absolute gamma is .0852.
Clearly, the initial zero values for delta and gamma are not fully representative of their levels over the entire holding period.
Since the Greeks change over time, an average of their values at the beginning and end of the holding period should be a better measure of the portfolio's sensitivity to that factor over the holding period than the initial value alone. Consequently, we define as the average of Delta ) i portfolio i's deltas at the beginning (zero by construction) and end of the holding period. We then (9) calculate the term . Repeating this averaging procedure for the other Greek terms, Delta
we calculate , and . We then estimate the equation: Gamma
If (1) the first (and second) order terms in equation 9 are independent of the higher order terms which are represented by U i , (2) the Greeks are constant over the holding period, and (3) there is no measurement error, the B-S formula implies w=0 and a=b=c=d=1.0. However, since are midpoints of changing Greeks and )F i is an approximation, Delta Results are reported in Table 6 . All coefficients have the predicted sign and all are significant at the .0001 level in all six regressions. As hypothesized, portfolios with high thetas tend to have higher profits than portfolios with lower thetas. The coefficients of the Delta and Gamma terms in Table 6 confirm that the portfolios do not remain hedged against changes in the underlying S&P 500 index and that part of the profit variation is attributable to changes in this index. Clearly, profits also vary with changes in the height and slope of the smile. These five variables also explain most of the variation in profits across our portfolios; adjusted R 2 s vary from .822 to .955.
While all coefficients have the expected sign and are highly significant, in most regressions a, b, c, and d are also significantly from the 1.0 values implied by the B-S model. What is unclear is whether this is due to correlation with higher order terms excluded from the expression, to the approximate nature of some of our variables, or to deficiencies in the B-S model.
To measure the relative importance of each of the terms in question 9, we calculate the impact on profits of a one standard deviation change in each variable. These results are shown in brackets below the coefficient and t-value estimates in Table 6 . Although the portfolios were designed to be delta neutral, changes in the underlying S&P 500 index clearly have a major impact on profits and losses -particularly in the short-term options data set. In all three shorter-term portfolio regressions, a one standard deviation change in has the greatest impact of Delta i ()F i ) the five variables. The gamma term ranks second in terms of this measure of importance in two of these three regressions.
Reflecting the fact that long-term options are more sensitive to volatility changes than short-term options, changes in the height and slope of the smile are relatively more important in the long-term options data set -though in both data sets changes in the slope of the smile prove considerably more important than changes in its height. In two of the three longer-term portfolio regressions, a one standard deviation change in the slope of the smile has the greatest estimated impact of the five variables.
Since it is the source of the positive expected profits to our trading strategy, we are particularly interested in the results for the theta term in the regressions. Since this variable is significant, it is clear that profits do vary positively with a portfolio's theta. However, this variable proves less important in explaining the profit variations than changes in the underlying S&P 500 index and changes in the slope of the smile. Consistent with our earlier findings but inconsistent with the B-S model's prediction, the coefficient of is significantly less Theta ) i ()T) that 1.0 indicating that while profits vary with theta, they do not vary as strongly as the B-S model predicts.
Unlike )F i , )F i , and )SL i , )T is known at the beginning of the period. Thus, provides a measure of the predicted variation in profits across portfolios while Theta
does not since it is based on the theta value at the end as well as the beginning of Theta
the holding period. Consequently, we also estimate equation 9 using instead of Theta
with the results shown in Table 7 . The results in Table 7 do not differ much from Theta ) i ()T) those in Table 6 and both tables make clear that this variable explains relatively little of the profit variation.
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In summary, while our trading strategy is profitable on average, profits vary considerably from portfolio to portfolio. Although part of this variation across portfolios is predictable due to the known differences in theta across portfolios, most is due to the changes in the underlying S&P 500 index and to changes in the height and slope of the smile which are not predictable.
Consequently, the strategy entails substantial risk particularly over the longer holding periods despite the fact that the portfolios were designed to be delta and gamma neutral. The profit variation across portfolios is roughly but not completely consistent with the B-S model's prediction. Profits appear more sensitive to changes in the S&P 500 index than the B-S model predicts and less sensitive to changes in the height of the smile and to variations in theta. Clearly B-S correctly identifies over-and under-priced options. However, the profits based on these mispricings do not perfectly match the B-S model's predictions.
IV. Why Does the Smile Exist and Persist?
A. Risk, Re-Balancing, and Transaction Costs.
Our results in Table 4 raise an obvious question: "If such large trading profits are possible, why is the smile not flattened by traders following this profitable strategy"? As traders buy options at the bottom of the smile and sell options at the top of the smile, ISDs on the former should rise and ISDs on the latter should fall flattening the smile. Since the smile persists, this obviously does not happen enough to eliminate the smile. Why? We think the answer involves a combination of risk and transaction costs.
Although our trading portfolios are both delta and gamma neutral initially, we have seen that they quickly lose this immunization against changes in the S&P 500 index. The portfolios are also exposed to changes in the slope of the smile (and to a lesser extent its height) which impact profits and this is particularly true of the longer term portfolios. Consequently, the strategy is fairly risky especially over the five-and ten-day holding periods. While mean 5-day profits in the 23 short-term options data set are $4.35 the standard deviation is $10.97. In 10% of the trades our trader would have lost $6.15 or more in five days following our strategy.
Since, as shown in Table 6 , most of the risk in the short-term data set is due to changes in the underlying S&P 500 index, this risk could be reduced substantially by re-balancing the portfolios frequently to make them delta neutral but this would entail transaction costs. In the options on futures market these transaction costs consist of brokerage commissions and bid-ask spreads. The impact of brokerage commissions on profits is shown in panel A of Table 8 where we subtract estimated commissions from the profits reported in Table 4 . Commissions at on-line and discount brokerages range from $1.50 to $2.25 per contract and are higher at full-service brokerages. We assume a one-way commission of $2.00 per contract. Prior to Nov 1, 1997, one S&P 500 futures contract called for payment of 500 times the index. On 11/1/97, this was changed to 250 times the index. Consequently, a $2.00 commission translates into a transaction cost of $.004 per index unit prior to 11/1/97 and $.008 thereafter. As shown in Panel A of Table   8 , these commission charges reduce the average profit figures for the portfolios of short-term options about $.35 from those in Table 4 and reduce the average profits on the longer-term option portfolios about $.20. Except for the 1-day profits on the longer-term portfolios, all profit means remain positive and significant at the .0001 level.
Except for floor traders, traders following our trading strategy would also face bid-ask spreads. Since there are no specialists, bid-ask spreads cannot be directly observed in this market but it is commonly accepted that the bid-ask spread in the S&P 500 futures options market is generally one tick or $.05. Since some of our options are fairly low in price (C L and P H average $2.23 and $3.22 respectively in the short-term data set), this translates into a fairly major expense in percentage terms particularly in the short-term data set. In Panel B we report profits assuming both a bid-ask spread of $.05 and a commission of $2.00. With these costs added, the portfolios are no longer profitable on average over a 1-day period in either market and are not profitable over a 5-day period in the case of the longer-term options. Average profits remain positive over longer holding periods in the case of the short-term options but these are quite risky as seen from the high standard deviations. In summary, it is possible to make profits by trading on the smile but only by accepting substantial risk. Over a 1-day holding period, transaction costs completely eliminate all profits.
In the case of shorter-term options, positive profits can be earned on average after transactions costs over 5 and 10 day holding periods, but only without re-balancing which means accepting substantial risk. Frequent re-balancing to reduce this risk would entail additional transaction costs which would quickly eliminate the positive expected profits. 21 Consequently, while we reject the hypothesis that the true (or correctly calculated) smile is flat, it does not follow that the market is inefficient. Since the B-S model correctly identifies over-and under-priced options, it is clear that the smile cannot be wholly attributed to errors in the B-S model. However, it is impossible to profit from these mis-pricings without accepting substantial risk.
B. An Alternative Explanation of the Smile
If the smile is not wholly caused by errors in the B-S formula, what is responsible?
Although we can offer only circumstantial evidence, we conjecture that the smile is partially due to hedging pressures. Holders of common stock portfolios can hedge against declines in the market value of their portfolios by buying out-of-the-money S&P 500 puts. This is a commonly cited use of the market and as shown in Figure 1 , trading is highest in out-of-the-money puts.
Such purchases for hedging purposes would tend to drive up the price of these puts and therefore their implied standard deviations. As the ISD's on out-of-the-money puts rise relative to calls with the same strike prices, this would set off put-call-parity arbitrage, which (unlike the trading strategy documented here) is relatively riskless since the two strike prices are the same. Such arbitrage would equalize ISDs on puts and calls with the same strike prices (and as shown in Figure 3 , they are virtually identical) while moderating the rise in the put ISDs. This explanation is consistent with both the high trading volume in out-of-the-money puts and the fact that generally ISD's on low strike price options far exceed actual ex-post volatility in the S&P 500 index.
V. Conclusions
We have shown that the smile in equity index options cannot be wholly attributed to deficiencies in the Black-Scholes formula, such as the presumption of constant volatility or the presumption of a log-normal return distribution. If one buys options at the bottom of the B-S smile and sells options at the top of the smile in a delta-neutral ratio, the strategy yields substantial pre-transaction-cost profits. This implies that, although the true (or correctly calculated) smile may be flatter than that calculated using the B-S model, it is clearly far from flat. Despite its supposed deficiencies, the Black-Scholes formula performs reasonably well in correctly identifying mis-priced options.
We have also shown that the existence of a true smile does not mean that the markets are inefficient. While trading on the smile is quite profitable, it is also highly risky because the slope of the smile changes and because the portfolio's initial delta-gamma neutral property can only be maintained with quite frequent re-balancing which would eat up the profits. Consequently, the existence of a smile is not incompatible with market efficiency.
Table 1A
The 
Based on daily observations from Jan. 1, 1988 through April 30, 1998 of options on S&P 500 futures maturing in 2 to 6 weeks. In the "Strike Price" column, the first letter © or P) stands for a Call or a Put; the second letter (I or O) refers to In-the-money or Out-of-themoney; and the last digit indicates the relative position of an option from the money where 1 indicates that the option is the nearest-tothe-money and 2 indicates that the option is the second nearest-to-the-money etc. RLZ stands for the realized volatility over the remaining life of the options. (K/F -1) is a measure of how far in or out of the money an option is. K = strike price. F=underlying S&P 500 index futures price. The " ISD Ratio" in columns 5 and 12 measures the ratio of the implied standard deviation at that strike price to the average ISD of the four atthe-money options: CI1, CO1, PI1, and PO1. 
Based on daily observations from Jan. 1, 1988 through April 30, 1998 of options on S&P 500 futures maturing in 13 to 26 weeks. In the "Strike Price" column, the first letter © or P) stands for a Call or a Put; the second letter (I or O) refers to In-the-money or Out-of-themoney; and the last digit indicates the relative position of an option from the money where 1 indicates that the option is the nearest-tothe-money and 2 indicates that the option is the second nearest-to-the-money etc. RLZ stands for the realized volatility over the remaining life of the options. (K/F -1) is a measure of how far in or out of the money an option is. K = strike price. F=underlying S&P 500 index futures price. The " ISD Ratio" in columns 5 and 12 measures the ratio of the implied standard deviation at that strike price to the average ISD of the four atthe-money options: CI1, CO1, PI1, and PO1.
Table 2 Characteristics of Options Included in the Trading Portfolios
Characteristics of the four options used to form costless delta-gamma neutral trading portfolios are reported. The options are: the call, CH, with the highest implied standard deviation (ISD) that day, the call, CL, with the lowest ISD that day and the puts, PH and PL, with the highest and lowest ISDs respectively-all subject to the restrictions outlined in the text designed to restrict the choice set to actively traded options. The portfolios are formed each day between 1/1/88 and 4/30/98 that the restrictions are met. There are 1993 portfolios of short-term options, which expire in 2 to 6 weeks, and 1693 portfolios of long-term options expiring in 13 to 26 weeks.
Short Term Options
Long Table 4 Trading Profits
We report pre-transaction-cost trading profits and losses for the zero cost trading portfolios described in Table 3 in which we long puts and calls with low Black-Scholes implied standard deviations and short puts and calls with high B-S ISDs. The portfolios are initially both delta and gamma neutral. The trading portfolios are held one, five, or ten market days without re-balancing. The one, five, and ten day holding periods end at least ten days before the options expire. In Panels A and B we report ex post profits in which the trading portfolios are formed at the same day t prices used to determine the composition of the portfolios. In Panels C and D, we report ex ante profits for portfolios established using the prices on day t+1. The short-term option portfolios mature in 2 to 6 weeks and the long-term in 13 to 26 weeks. 
Holding
profit or loss on trading portfolio i, )F i is the change in the S&P 500 futures over the holding period, is the change in the implied volatility on )F i at the money options, and )SL i is the change in the slope of the smile over the holding period. The portfolios, which are formed daily over the period 1/1/1988 -4/30/1998 , are described in the text and in Table 3 . T-values are shown in parentheses. The short-term option portfolios mature in 2 to 6 weeks and the long-term in 13 to 26 weeks. 
Short Term Options Long Term Options
] % e()SL i ) % U i where )P i is the profit or loss on portfolio i over the holding period, )F i is the change in the S&P 500 futures over the holding period, is the )F i change in the implied volatility on at the money options, and )SL i is the change in the slope of the smile over the holding period. The Greek terms, e.g., , are averages of the portfolio's B-S Greeks at the beginning and end of the holding period. The portfolios, which are formed Theta ) i daily over the period 1/1/1988 -4/30/1998 , are described in the text and in Table 3 . T-values are shown in parentheses. The estimated impact on profits of a one standard deviation change in each variable is shown in brackets. The short-term option portfolios mature in 2 to 6 weeks and the long-term in 13 to 26 weeks. 
] % e()SL i ) % U i where )P i is the profit or loss on portfolio i over the holding period, )F i is the change in the S&P 500 futures over the holding period, is the )F i change in the implied volatility on at the money options, and )SL i is the change in the slope of the smile over the holding period. The bars over the Greek terms, e.g., , indicates an average of the portfolio's B-S Greeks at the beginning and end of the holding period. However
is the theta at the beginning of the holding period. The portfolios, which are formed daily over the period 1/1/1988 -4/30/1998, are Theta ) i described in the text and in Table 3 . T-values are shown in parentheses. The estimated impact on profits of a one standard deviation change in each variable is shown in brackets. The short-term portfolios mature in 2 to 6 weeks and the long-term in 13 to 26 weeks. 
Table 8 Post-transaction-cost Trading Profits
We report trading profits and losses after deducting measures of transaction costs for the zero net cost trading portfolios described in Table 3 in which we long puts and calls with low Black-Scholes implied standard deviations and short puts and calls with high B-S ISDs. The portfolios are initially both delta and gamma neutral and the portfolios are formed at the same prices used to determine the composition of the portfolio. The trading portfolios are held one, five, or ten market days without re-balancing. The one, five, and ten day holding periods end at least ten days before the options expire. In Panel A, we assume a brokerage commission of $2.00 per contract. In Panel B we assume a $2.00 commission and a bid/ask spread of $.05. The short-term portfolios mature in 2 to 6 weeks and the long-term in 13 to 26 weeks. /1988-4/30/1998 is graphed against the mean relative strike price for 16 call option groupings and 16 put option groupings. These groupings differ by strike price. Each day we observe the first eight in-the-money calls and first eight out-of-the-money calls and the same for puts. For example, the farthest right diamond shows the mean relative strike price and the mean implied volatility for the eighth from-the-money, out-ofthe-money call. The relative strike price is defined as (K/F -1) where K is the strike price and F is the underlying futures price.
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For comparison, the mean realized volatility, calculated as the actual standard deviation of returns over the life of the options in the data set is also shown.
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Strike Price (K/F -1) in-the-money calls (CI) out-of-the money puts (PO) out-of-the-money calls (CO) in-the money puts (PI) at-the-money Mean Realized Volatility RLZ (1988 RLZ ( -1998 /1988-4/30/1998 is graphed against the mean relative strike price for 16 call option groupings and 16 put option groupings. These groupings differ by strike price. Each day we observe the first eight in-the-money calls and first eight out-of-the-money calls and the same for puts. For example, the farthest right diamond shows the mean relative strike price and the mean implied volatility for the eighth from-the-money, out-ofthe-money call. The relative strike price is defined as (K/F -1) where K is the strike price and F is the underlying futures price.
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